Abstr(~ct-The definition of an N-D discrete time lossless bounded real (DTLBR) matrix and sufticient conditions on a state space representation to correspond to an N-D DTLBR matrix are given. Based on these suEcient conditions, it is shown that the transfer function of the n-D lattice filter, which is obtained fmm a stable 1-D lattice filter by replacing each delay element r *th z, (i = 1.2,. . ., ,r), becomes an n-D DTLBR hnction. From this fact an n X n Mansour matrix, which is an A-matrix of the state space representation of a 1-D lattice tiller, is proved to be stable for any dimension up to n , if it is stable in the one-dimensional ease.
In this paper, we discuss multidimensional DTLBR matrices from the system theoretical point of view by using generalized Roesser iii) I-~(z;',z;';.
. , z~~)~H ( z~, z~, . .~, z~)
for all z,.
The condition i) in the above guarantees the n-D stability of H(z,,z,;. .,z,) (171. It is clear from the above definition that a scalar N-D DTLBR function is an N-D all-pass function. Now let us assume that the state-space representation of a given For real square matrix P , P > 0 means that P is positive definite symmetric, and for an Hermitian matrix H, H > 0 means that H is nonnegative definite Hermitian. If z is complex variable z' denotes the complex conjugate of z. AT means the transpose of A and @ denotes the direct sum of matrices. 
iii) I-H ( z -' )~H ( z ) = 0 for all z.
Then the following lemma holds [71-[Ill:
Lemma 1: Let
be a minimal realization of a p X q transfer function matrix H(z), namely
where xi E R"', i = 1,2;. . , N represent the states, U E R" is the input, y E R ' is the output, and A E RnX", B E R"X", C E R p X n , D E R P X q , n = Xy=,mi. The relation between the transfer matrix H(z1,z2;. ., z,) and the coefficient matrices ( A , B,C, Dl in (4) is given by H(z,,z,,...,z,)
( 2 ) 
Hence from (5) and (15) we obtain the condition I) in Definition 2.
Proof of a) and b) -11). From (8) and (5) .., 
IV. n-D DTLBR F U N~I O N GENERATED BY I-D LATIICE FILTER
In 1-D digital signal processing, much application of the lattice filters has been done in the areas such as linear prediction, speech synthesis, adaptive signal processing, and so on. When we consider N-D digital signal processing it is natural to ask what the N-D cdunterpart of a 1-D lattice filter is. In this section we introduce an n-D lattice filter of a particular form, which is generated from a 1-D lattice filter, and by using Theorem 1 we show that the transfer function of this lattice filter becomes an n-D DTLBR function.
It is well known that a 1-D DTLBR function is a stable all-pass function, and it is realizable with the lattice filter shown in Fig. 1 [15], [16], where A,, i = 1,2; . ., n are reflection coeffi- Suppose that lA,l< 1 for i = 1,2; . ., n and for some z,, i = 1 , 2 , . . , n , there exists a nonzero column vector such that where A is given by (28).
Now since x in (29) is a nonzero vector there exists at least one nonzero element among x,,x2;. .,x,. Let us check which element is noazero from x, in the order of xl,x2;. .,x, and suppose that there exist k nonzero elements, say, x , , ,~,~; .
.,x,*, where l < i l < i 2 < ... < i , < n . column vector x satisfying (29b) can exist if lAjl < 1 for 1 < i < n.
Therefore the condition (h) also holds if ]Ail < 1, i = 1,2, . .,n.
Necessity: If H(z,, 2,; . ., z,) in (27) is an n-D DTLBR function, it is easy to see that
becomes a 1-D nth-order DTLBR function, where 1 is an n x n identity matrix. Hence the matrix A in (21) is stable. Then it follows from the property of the Mansour matrix that [Ail < 1, i = 1,2;. . , n and the proof is complete. From the above proof of Theorem 2 we can ea~ily obtain the following Theorem 3.
Theorem 3: The n X n Mansour matrix A in (21) defines a stable system of any dimension up to n if and only if it defines a stable 1-D system, or equivalently lAi < 1, i = 1,2;. .,n. If lA,l<l, i=l,Z; ..,n, as we have shown in the proof of Theorem 2, the pair (c,A) in (21) satisfies the rank condition a) in Theorem 1. Then by similar discussion to that used in the proof of Theorem 1, we obtain where A is the n X n Mansour matrix in (21), A is a diagonal matrix in (28), and in this case N = n. It follows from (41) that the n~ n Mansour matrix defines a stable system with any dimension up to n.
Proof:
Remark: From the combination of Theorems 2 and 3 we can state the following: Replacing each delay element of the l-D stable lattice filter in Fig. 1 with z, or z2 arbitrarily, we can obtain a high order 2-D lattice filter. Similarly if we replace the delay elements z in Fig. 1 with k-types (k a 2) of delay elements zI,z2;. .,z,, we can obtain various k-D high order lattice filters. These k-D lattice filters are all stable, structurally lossless, and the transfer functions become k-D DTLBR functions. In addition, they could he expected to inherit good coefficient sensitivity from the original l-D lattice filter. However, in view of the filter structure, the structure of the k- 
where f denotes the denominator polynomial of H(z,,z2). Therefore the conditions i)-iii) in Definition 2 are satisfied, which proves that certainly H(zI,z2) is a 2-D DTLBR function.
V. CONCLUSION A N O D I~C U~~I O N
We have defined an N-D DTLBR matrix as the extension of a l-D DTLBR matrix and given a sufficient condition on a state space representation of the matrix for the N-D DTLBR property. Using this sufficient condition, we have proved that the transfer function of the n-D lattice filter which is generated from a 1-D lattice filter becomes an n-D DTLBR function. We have also shown that the Mansour matrix, which appears as the A-matrix of the state space representation of a l-D lattice filter, is always stable in the sense of any dimension if it is stable in the sense of l-D.
The important problem which remains untreated in this paper is how to derive necessary conditions (or better, necessaly and sufficient conditions) on the state space representation of an N-D DTLBR matrix. Considering the case of the l-D DTLBR matrix [71-1111, it is easy to imagine that this problem is closely related to the minimal delay realization problem for an N-D DTLBR matrix and the problem of the existence of a similarity transformation matrix between any two minimal delay realization of an N-D DTLBR matrix. General algorithms for the minimal delay realization of a multidimensional system have not been found yet, and indeed, do not exist in general 1281. But' since an N-D DTLBR matrix is a particular matrix, there is a possibility of finding such a minimal delay realization algorithm. For 2-D first-order DTLBR functions and 2-D square DTLBR matrices, such a minimal delay realization algorithm has already been obtained 1291, 1301, [351. Alternatively, it may be that special nonminimal realizations could he used for which the derived results wuld he established.
Finally we would like to refer to the continuous time version of the results of this paper. Basically it is possible to translate the whole results of this paper into continuous time systems. The definition of N-D continuous time lossless bounded real matrix can he easily obtained from Definition 2 with some minor changes. It is not difficult to derive a theorem which corresponds to Theorem 1. Its proof will be similar to that of Theorem 1. Regarding Theorems 2 and 3, if we consider the tridiagonal matrix called the Schwarz form [31] , it is possible to derive the continuous time version of Theorems 2 and 3. This is because, under a certain condition, just as in the case of Mansour matrix (see (22a) and (23)), the solution to the Lyapunov matrix equation for a stable Schwarz matrix becomes a positive diagonal matrix [321, 1331. 
